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Abstract
Mersenne numbers and Fermat numbers are two hot and difficult issues
in number theory. This paper constructs a special group for every positive
odd number other than 1, and discovers an algorithm for determining the
multiplicative order of 2 modulo q for each positive odd number q. It is
worth mentioning that this paper discovers two symmetric properties of
Mersenne numbers and Fermat numbers.
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1 Introduction
A prime number is a positive integer p > 1 that has no positive integer divi-
sors other than 1 and itself. A Mersenne prime is a prime number of the form
Mn = 2
n−1. Primes of this form were first studied by Euclid who explored their
relationship with the even perfect numbers. They are named after the French
monk Marin Mersenne who studied them in the early 17th century. It is easy to
see that if n is a composite number then so is 2n − 1. In other words, in order
for the Mersenne number Mn to be prime, n must be prime. The definition is
therefore unchanged when written Mp = 2
p−1 where p is assumed prime. More
generally, numbers of the form Mn = 2
n − 1 without the primality requirement
are called Mersenne numbers. Mersenne numbers are sometimes defined to have
the additional requirement that n be prime, equivalently that they be pernicious
Mersenne numbers, namely those pernicious numbers whose binary representa-
tion contains no zeros. The smallest composite pernicious Mersenne number
arises with p = 11. This papers prefers to define a Mersenne number as a
number of the form Mp = 2
p− 1 with p restricted to prime values. As of Febru-
ary 2013, 48 Mersenne primes are known. The largest known prime number
257885161− 1 is a Mersenne prime. Since 1997, all newly-found Mersenne primes
have been discovered by the Great Internet Mersenne Prime Search (GIMPS),
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a distributed computing project on the Internet. Many fundamental questions
about Mersenne numbers and Mersenne primes remain unresolved. For exam-
ple, are there infinitely many Mersenne primes? Is every Mersenne number
2p − 1 square free? Can Zhou conjecture be established as true(see [1])?
A Fermat number, named after Pierre de Fermat who first studied them, is
a positive integer of the form Fn = 2
2n + 1 where n is a nonnegative integer.
when a number of this form is prime, we call it a Fermat prime. The only
known Fermat primes are the first five Fermat numbers: F0 = 3, F1 = 5, F2 =
17, F3 = 257, F4 = 65537. Having discovered the fact that the first five Fermat
numbers are all prime, Pierre de Fermat assumed that all numbers of this type
were prime. But he was wrong. In 1732 after almost a century, Euler elegantly
showed that F5 = 2
25 + 1 = 232 + 1 = 4294967297 = 641× 6700417. That year
can be considered as the beginning of the search for divisors of other Fermat
numbers. In 1770, Euler proved that every factor of Fn must have the form
k ·2n+1+1. Edouard Lucas, improving the result by Euler, proved in 1878 that
every factor of Fermat number, with n at least 2, is of the form k · 2n+2 + 1,
where k is a positive integer. This corollary is being used for discovery of Fermat
number divisors. For 3 centuries more than 300 prime factors were found. So
far only F0 to F11 have been completely factored. The distributed computing
project Fermat Search is searching for new factors of Fermat numbers. Because
of the scarcity and difficulty of finding these divisors, the person who discovers
a new factor takes his place in history. Like Mersenne numbers and Mersenne
primes, many fundamental questions about Fermat numbers and Fermat primes
remain unresolved. For example, are there infinitely many Fermat primes? Is
every Fermat number square free?
This paper tries to do some research into properties of Mersenne numbers
and Fermat numbers.
2 A special group for every positive odd number
other than 1
Let q be any positive odd number larger than 1, we denote the set of all positive
odd numbers less than q by Gq, and denote the set of all positive odd num-
bers coprime to q in Gq by G
∗
q , and define a binary operation on G
∗
q as follows:
G∗q × G
∗
q −→ G
∗
q is given by (a, b) 7−→
ab−sq
2t such that 0 < ab − sq < q for
some s ∈ N and 2 ∤ ab−sq2t for some t ∈ N. We denote
ab−sq
2t by a ∗ b, that is,
a ∗ b = ab−sq2t .
Now we do an interesting calculation as follows:
1) Let a1 be any odd number in G
∗
q ;
2) Let a2 =
q+a1
2k1
for some k1 ∈ N
∗ such that 2 ∤ a2;
3) Let a3 =
q+a2
2k2
for some k2 ∈ N
∗ such that 2 ∤ a3;
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4) Repeat the above process, so that we can also get a4, a5, · · · ;
5) Untill some n ∈ N∗ occurs such that an+1 = a1, we get a cycle (a1, a2, · · · , an),
which can be called a cycle generated by a1, absolutly it can also be generated
by a2, · · · , an. (a1, a2, · · · , an) is also called a cycle of length n or an n-cycle.
Besides, we get a set {a1, a2, · · · , an}, denote it by a1, we can also denote it by
ai with any ai ∈ {a1, a2, · · · , an};
6) If a1 = G
∗
q , end the whole calculation. Otherwise we choose any positive odd
number b1 ∈ G
∗
q −a1, similarly we get a cycle (b1, b2, · · · , bm). We also get a set
{b1, b2, · · · , bm}, denote it by bk(k = 1, 2, · · · ,m);
7) If a1 ∪ b1 = G
∗
q , end the whole calculation. Otherwise we choose any positive
odd number c1 ∈ G
∗
q − a1 − b1, similarly we get a cycle (c1, c2, · · · , ci). We also
get a set {c1, c2, · · · , ci}, denote it by cr(r = 1, 2, · · · , i);
8) Repeat the process stated above untill G∗q = a1 ∪ b1 ∪ c1 ∪ · · · ∪α1 ∪β1 where
a1, b1, c1, · · · , α1, β1 are all the sets we have got.
9) End the whole calculation.
If x = y, it is easy to show that there exists some k ∈ N such that x ≡ 2ky
(mod q). Now we prove that if there exists some k ∈ N such that x ≡ 2ky
(mod q), then x = y. If x ≡ y (mod q), then x = y, thus x = y. If x ≡ 2k1y
(mod q) with k1 > 0, there exists some positive odd number r1 such that
x = 2k1y−r1q. We denote x by λ1 and execute the calculation as above defined,
then q + λ1 = 2
k1y − (r1 − 1)q. If r1 = 1, then λ2 = y, so x = y. If r1 > 1,
there exist some s ∈ N∗ and some positive odd number t such that r1−1 = 2
st,
then q + λ1 = 2
k1y − 2stq. Since q + λ1 > 0, y < tq, then k1 > s, we have
λ2 = 2
k1−sy− tq, denote k1− s by k2 and denote t by r2, then λ2 = 2
k2y− r2q.
By analogy we have λ1 = 2
k1y− r1q, λ2 = 2
k2y− r2q, λ3 = 2
k3y− r3q, · · · , λi =
2kiy − riq, · · · . With the increase of i, positive odd number ri becomes smaller
and smaller, hence there exists some j ∈ N∗ such that rj = 1, then we have
λj+1 = y, therefore x = y.
We define a relation R∗q on G
∗
q ×G
∗
q as follows:
R∗q = {(m,n) ∈ G
∗
q ×G
∗
q |there exists a1(a1 ∈ G
∗
q) such that {m} ∪ {n} ⊂ a1}.
It is easy to verify that the relation R∗q(∼) on G
∗
q × G
∗
q is an equivalence
relation on G∗q such that x ∼ y and u ∼ v imply x∗u ∼ y∗v for all x, y, u, v ∈ G
∗
q .
By convention G∗q/R
∗
q denotes the set of all equivalence classes of G
∗
q under R
∗
q .
We can define a binary operation on G∗q/R
∗
q by ab = a ∗ b, where x denotes the
equivalence class of x ∈ G∗q .
First, we give the following proposition.
Proposition 1. For every odd number q > 1, G∗q/R
∗
q is a finite semigroup.
Proof. For all x, y, z ∈ G∗q , (x y)z = (x ∗ y) ∗ z, x(y z) = x ∗ (y ∗ z), there exist
s1, s2, s3, s4, t1, t2, t3, t4 ∈ N such that x∗y =
xy−s1q
2t1 , y∗z =
yz−s3q
2t3 , (x∗y)∗z =
xy−s1q
2
t1
z−s2q
2t2 , x∗ (y ∗z) =
x
yz−s3q
2
t3
−s4q
2t4 , where 0 < xy−s1q < q, 0 < yz−s3q < q,
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0 < xy−s1q2t1 z − s2q < q, 0 < x
yz−s3q
2t3 − s4q < q, 2 ∤
xy−s1q
2t1 , 2 ∤
yz−s3q
2t3 , 2 ∤
xy−s1q
2
t1
z−s2q
2t2 , 2 ∤
x
yz−s3q
2
t3
−s4q
2t4 . Since
xy−s1q
2
t1
z−s2q
2t2 ≡ 2
ϕ(q)+t3+t4−t1−t2
x
yz−s3q
2
t3
−s4q
2t4
(mod q), where ϕ(q) denotes Euler’s totient function that counts the number
of positive integers not greater than and relatively prime to q(see [2]), it fol-
lows that (x ∗ y) ∗ z = x ∗ (y ∗ z), then we have (x y)z = x(y z) which means
the binary operation defined by ab = a ∗ b satisfies the associative property.
Therefore, G∗q/R
∗
q is a finite semigroup.
Next, we give the following theorem.
Theorem 1. For every odd number q > 1, G∗q/R
∗
q is a commutative group.
Proof. If a, b, c, d ∈ G∗q , a = c and ab = cd, then a ∗ b = c ∗ d. Since a∗b =
ab−s1q
2t1
where 0 < ab − s1q < q for some s1 ∈ N and
ab−s1q
2t1 ≡ 1 (mod 2) for some
t1 ∈ N, and c ∗ d =
cd−s2q
2t2 where 0 < cd − s2q < q for some s2 ∈ N and
cd−s2q
2t2 ≡ 1 (mod 2) for some t2 ∈ N, there exists some k ∈ N such that
ab−s1q
2t1 ≡ 2
k cd−s2q
2t2 (mod q). We can choose some large enough number k ∈ N
such that k+t1−t2 ≥ 0, thus ab ≡ 2
k+t1−t2cd (mod q). Since a = c, there exists
some r ∈ N such that a ≡ 2rc (mod q). We can also choose some large enough
number r ∈ N such that r+ t2−k− t1 ≥ 0, then 2
r+t2−k−t1b ≡ d (mod q), thus
b = d. For all a, b, c, d ∈ G∗q , a = c and ab = cd always imply b = d, hence the
left cancellation law holds in G∗q/R
∗
q . Since G
∗
q/R
∗
q is commutative, in which the
right cancellation law also holds. The finite semigroup G∗q/R
∗
q is commutative
and cancellative, therefore G∗q/R
∗
q is a commutative group(see [3]).
If q is an odd composite number, for any d ∈ Gq − G
∗
q , we can also obtain
a cycle by the same technique as above defined. The cycle generated by d can
be called reducible cycle of q, conversely a cycle in G∗q/R
∗
q is called irreducible
cycle of q.
We can also define a relation Rq on Gq ×Gq as follows:
Rq = {(m,n) ∈ Gq ×Gq|there exists a1(a1 ∈ Gq) such that {m} ∪ {n} ⊂ a1}.
Gq/Rq is defined to be the set of all equivalence classes of Gq under Rq. If
we say all cycles of q, we mean all cycles in Gq/Rq; if we say all irreducible
cycles of q, we mean all cycles in G∗q/R
∗
q ; if we say all reducible cycles of q, we
mean all cycles in Gq/Rq −G
∗
q/R
∗
q .
3 An algorithm for determining the multiplica-
tive order of 2 modulo q for each positive odd
number q
We denote the power of the prime factor 2 of an even number n by τ(n). By
using a method in [4], we have
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τ(
(2q − 2)!
(q − 1)!
) = ([
2q − 2
2
] + [
2q − 2
22
] + [
2q − 2
23
] + · · · )
− ([
q − 1
2
] + [
q − 1
22
] + [
q − 1
23
] + · · · )
= (q − 1) + ([
q − 1
2
] + [
q − 1
22
] + [
q − 1
23
] + · · · )
− ([
q − 1
2
] + [
q − 1
22
] + [
q − 1
23
] + · · · )
= q − 1.
Then we obtain ∑
x∈Gq
τ(q + x) = q − 1.
For x ∈ G∗q , we denote
∑
m∈x τ(q +m) by ξ(q, x).
Now we give an arithmetical property of group G∗q/R
∗
q as follows.
Proposition 2. For every odd number q > 1, let x be any odd number in G∗q ,
then ξ(q, x) is the smallest positive integer such that q | 2ξ(q,x) − 1.
Proof. Let α1 = x, and execute the calculation as defined in Section 2, then
we obtain a cycle (α1, α2, · · · , αn) generated by x. Let i1, i2, · · · , in be positive
integers such that
q + α1 = 2
i1α2, q + α2 = 2
i2α3, · · · , q + αn = 2
inα1,
then
α1 ≡ 2
i1α2 (mod q), α2 ≡ 2
i2α3 (mod q), · · · , αn ≡ 2
inα1 (mod q),
thus
α1 ≡ 2
i1+i2+···+inα1 (mod q),
since α1 is coprime to q, then we have
2i1+i2+···+in ≡ 1 (mod q).
Now we show that for v = 1, 2, 3, · · · , n, α1 6≡ 2
σαv (mod q) with 0 < σ < i1.
It’s clear α1 6≡ 2
σα2 (mod q) with 0 < σ < i1. Suppose there exist some
v 6= 2 with 1 ≤ v ≤ n and some σ with 0 < σ < i1 such that α1 ≡ 2
σαv
(mod q), then there exists some positive integer l > 1 such that lq+α1 = 2
σαv,
since q + α1 = 2
i1α2, we have 2
σαv − 2
i1α2 = (l − 1)q, then αv − 2
i1−σα2 =
l−1
2σ q, since 2
i1−σα2 > 0, we have αv >
l−1
2σ q ≥ q, it’s a contradition, thus
for v = 1, 2, 3, · · · , n, α1 6≡ 2
σαv (mod q) with 0 < σ < i1. By analogy for
u, v = 1, 2, 3, · · · , n, αu 6≡ 2
σαv (mod q) with 0 < σ < iu.
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Suppose there exists some integer r with 0 < r <
∑n
k=1 ik such that 2
r ≡ 1
(mod q), then
α1 ≡ 2
rα1 (mod q). (1)
If r =
∑j
k=1 ik with 1 ≤ j < n, since
α1 ≡ 2
rαj+1 (mod q), (2)
from (1) and (2), we have
α1 ≡ αj+1 (mod q),
it’s a contradiction, thus r 6=
∑j
k=1 ik for j = 1, 2, · · · , n− 1. Then there exists
some h with 0 ≤ h ≤ n−1 such that
∑h
k=0 ik < r <
∑h+1
k=0 ik(i0 = 0), since α1 ≡
2i0+i1+i2+···+ihαh+1 (mod q), α1 ≡ 2
rα1 (mod q), then 2
i0+i1+i2+···+ihαh+1 ≡
2rα1 (mod q), thus αh+1 ≡ 2
r−(i0+i1+i2+···+ih)α1 (mod q) where 0 < r − (i0 +
i1+ i2+ · · ·+ ih) < ih+1, it’s a contradiction, thus there exists no integer h with
0 ≤ h ≤ n− 1 such that
∑h
k=0 ik < r <
∑h+1
k=0 ik. It follows that there exists no
integer r with 0 < r <
∑n
k=1 ik such that 2
r ≡ 1 (mod q).
Therefore, the proposition has been proved.
Since ξ(q, x) is the smallest positive integer such that q | 2ξ(q,x)− 1, then for
all x, y ∈ G∗q , ∑
m∈x
τ(q +m) =
∑
n∈y
τ(q + n),
that is,
ξ(q, x) = ξ(q, y). (3)
(3) means the value of ξ(q, x) is not dependent on x, but only dependent on q,
hence we can denote ξ(q, x) by ε(q), which is a function of q and denotes the
multiplicative order of 2 modulo q.
Proposition 2 can be expressed as the following form.
Theorem 2. For every odd number q > 1, ε(q) is the multiplicative order of 2
modulo q.
Theorem 2 indeed gives a method of determining the multiplicative order of
2 modulo q for each positive odd number q.
Then we give a proposition as follows.
Proposition 3. Let q be a positive odd number other than 1, then
|G∗q/R
∗
q | =
ϕ(q)
ε(q)
.
Corollary. Let p be a prime number other than 2, then
|Gp/Rp| =
p− 1
ε(p)
.
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4 Some symmetric properties of Gq/Rq with q of
the form 2n − 1 or 22
n
+ 1
4.1 A symmetric property of Gq/Rq with q of the form
22
n
+ 1
For the first few Fermat numbers, we list all their cycles as follows.
G3/R3 : (1).
G5/R5 : (1, 3).
G17/R17 : (1, 9, 13, 15), (3, 5, 11, 7).
G257/R257:
(1, 129, 193, 225, 241, 249, 253, 255), (3, 65, 161, 209, 233, 245, 251, 127),
(5, 131, 97, 177, 217, 237, 247, 63), (7, 33, 145 , 201, 229, 243, 125, 191),
(9, 133, 195, 113, 185, 221, 239, 31), (11, 67, 81, 169, 213, 235, 123 , 95),
(13, 135, 49, 153, 205, 231, 61, 159), (15, 17, 137, 197, 227, 121, 189, 223),
(19, 69, 163, 105, 181, 219, 119, 47), (21, 139, 99, 89, 173, 215, 59, 79),
(23, 35, 73, 165, 211, 117, 187, 111), (25, 141, 199, 57, 157, 207, 29, 143),
(27, 71, 41, 149, 203, 115, 93, 175), (37, 147, 101, 179, 109, 183, 55, 39),
(43, 75, 83, 85, 171, 107, 91, 87), (45, 151, 51, 77, 167, 53, 155, 103).
F5 = 641× 6700417.
Two cycles of 641 are listed as follows:
(1, 321, 481, 561, 601, 621, 631, 159, 25, 333, 487, 141, 391, 129, 385, 513, 577, 609,
625, 633, 637, 639, 5, 323, 241, 441, 541, 591, 77, 359, 125, 383),
(3, 161, 401, 521, 581, 611, 313, 477, 559, 75, 179, 205, 423, 133, 387, 257, 449, 545,
593, 617, 629, 635, 319, 15, 41, 341, 491, 283, 231, 109, 375, 127).
There are 32 numbers in each cycle.
From the above examples, this paper proposes a conjecture as follows.
Conjecture 1. For each natural number n, the cycles of Fn are all 2
n-cycles.
Moreover, a positive integer d other than 1 is factor of Fn if and only if the
cycles of d are all 2n-cycles.
4.2 A symmetric property of Gq/Rq with q of the form
2n − 1
For the first few numbers of the form 2n − 1, we list all their cycles as follows.
For G2n−1/R2n−1 and G
∗
2n−1/R
∗
2n−1, we’ll observe there are how many 1-cycles
in them, how many 2-cycles in them, how many 3-cycles in them, · · · .
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G3/R3 : (1).
|G3| = 1.
G7/R7 : (1); (3, 5).
|G7| = 1× 1 + 1× 2 = 3.
G15/R15 : (1), (5); (3, 9); (7, 11, 13).
|G15| = 2× 1 + 1× 2 + 1× 3 = 7.
G∗15/R
∗
15 : (1); (7, 11, 13).
|G∗15| = 1× 1 + 1× 3 = 4.
G31/R31 : (1); (3, 17), (5, 9); (7, 19, 25), (11, 21, 13); (15, 23, 27, 29).
|G31| = 1× 1 + 2× 2 + 2× 3 + 1× 4 = 15.
G63/R63 :
(1), (9), (21);
(3, 33), (5, 17), (27, 45);
(7, 35, 49), (11, 37, 25), (13, 19, 41);
(15, 39, 51, 57), (23, 43, 53, 29);
(31, 47, 55, 59, 61).
|G63| = 3× 1 + 3× 2 + 3× 3 + 2× 4 + 1× 5 = 31.
G∗63/R
∗
63 : (1); (5, 17); (11, 37, 25), (13, 19, 41); (23, 43, 53, 29); (31, 47, 55, 59, 61).
|G∗63| = 1× 1 + 1× 2 + 2× 3 + 1× 4 + 1× 5 = 18.
G127/R127 :
(1);
(3, 65), (5, 33), (9, 17);
(7, 67, 97), (11, 69, 49), (13, 35, 81), (19, 73, 25), (21, 37, 41); .
(15, 71, 99, 113), (23, 75, 101, 57), (27, 77, 51, 89), (29, 39, 83, 105), (43, 85, 53, 45);
(31, 79, 103, 115, 121), (47, 87, 107, 117, 61), (55, 91, 109, 59, 93);
(63, 95, 111, 119, 123, 125).
|G127| = 1× 1 + 3× 2 + 5× 3 + 5× 4 + 3× 5 + 1× 6 = 63.
|G2047| = 1×1+5×2+15×3+30×4+42×5+42×6+30×7+15×8+5×9+1×10 =
1023.
|G∗2047| = 1×1+5×2+14×3+28×4+40×5+40×6+28×7+14×8+5×9+1×10 =
968.
M11 = 2047 = 23× 89.
G23/R23 : (1, 3, 13, 9); (5, 7, 15, 19, 21, 11, 17).
|G23| = 1× 4 + 1× 7 = 11.
G89/R89:
(3, 23, 7);
(1, 45, 67, 39);
(5, 47, 17, 53, 71), (13, 51, 35, 31, 15);
(9, 49, 69, 79, 21, 55), (19, 27, 29, 59, 37, 63);
(11, 25, 57, 73, 81, 85, 87);
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(33, 61, 75, 41, 65, 77, 83, 43).
|G89| = 1× 3 + 1× 4 + 2× 5 + 2× 6 + 1× 7 + 1× 8 = 44.
From the above examples, we obtain the following expansions:
M3−1
2 = 2
2 − 1 = 3 = 1× 1 + 1× 2.
M5−1
2 = 2
4 − 1 = 15 = 1× 1 + 2× 2 + 2× 3 + 1× 4.
M7−1
2 = 2
6 − 1 = 63 = 1× 1 + 3× 2 + 5× 3 + 5× 4 + 3× 5 + 1× 6.
M11−1
2 = 2
10 − 1 = 1023 = 1× 1 + 5× 2 + 15× 3 + 30× 4 + 42× 5 + 42× 6 +
30× 7 + 15× 8 + 5× 9 + 1× 10.
M13−1
2 = 2
12 − 1 = 4095 = 1× 1 + 6× 2 + 22× 3 + 55× 4 + 99× 5 + 132× 6 +
132× 7 + 99× 8 + 55× 9 + 22× 10 + 6× 11 + 1× 12.
· · ·
For each odd prime number p,
Mp − 1 = 2
p − 2 = (1 + 1)p − 2 = 2
(
p
1
)
+ 2
(
p
2
)
+ 2
(
p
3
)
+ · · ·+ 2
( p
p−1
2
)
,
Mp − 1
2
=
(
p
1
)
+
(
p
2
)
+
(
p
3
)
+ · · ·+
(
p
p−1
2
)
=
(p− 1)!
1!(p− 1)!
(1 + p− 1) +
(p− 1)!
2!(p− 2)!
(2 + p− 2) +
(p− 1)!
3!(p− 3)!
(3 + p− 3)
+ · · ·+
(p− 1)!
(p−12 )!(
p+1
2 )!
(
p− 1
2
+
p+ 1
2
)
=
(p− 1)!
1!(p− 1)!
· 1 +
(p− 1)!
2!(p− 2)!
· 2 + · · ·+
(p− 1)!
(p−12 )!(
p+1
2 )!
·
p− 1
2
+
(p− 1)!
(p+12 )!(
p−1
2 )!
·
p+ 1
2
+ · · ·+
(p− 1)!
(p− 2)!2!
· (p− 2) +
(p− 1)!
(p− 1)!1!
· (p− 1)
=
p−1∑
k=1
(p− 1)!
k!(p− k)!
k.
(4)
From (4) and the number of cycles of different length inG3/R3,G7/R7,G31/R31,
G127/R127,G2047/R2047,G23/R23 and G89/R89, this paper proposes a conjecture
as follows.
Conjecture 2. For each prime number p, the number of k-cycles of Mp is
(p−1)!
k!(p−k)! . Moreover, a positive integer d other than 1 is factor of Mp if and only
if the number of k-cycles of d is equal to the number of (p− k)-cycles of d.
5 Conclusions
This paper obtains four main conclusions as follows:
1) For every odd number q > 1, G∗q/R
∗
q is a commutative group.
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2) For every odd number q > 1, ε(q) is the multiplicative order of 2 modulo q.
3) For each natural number n, the cycles of Fn are all 2
n-cycles. Moreover, a
positive integer d other than 1 is factor of Fn if and only if the cycles of d are
all 2n-cycles.
4) For each prime number p, the number of k-cycles ofMp is
(p−1)!
k!(p−k)! . Moreover,
a positive integer d other than 1 is factor of Mp if and only if the number of
k-cycles of d is equal to the number of (p− k)-cycles of d.
However, this paper doesn’t give the proofs of 3) and 4), so the reader who
is interested in the two problems could do further research.
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